We show that there exists a non-cocommutative comultiplication ∆ ϕ and a counit ε on the direct sum of Cuntz algebras
Introduction
We study the representation theory of C * -algebras. It is often that the study of representations gives a new structure of algebras. We start with the motivation of this study.
Let O n be the Cuntz algebra for 2 ≤ n < ∞. In [11] , we introduced a tensor product ⊗ ϕ among representations of Cuntz algebras:
RepO n × RepO m ∋ (π 1 , π 2 ) → π 1 ⊗ ϕ π 2 ∈ RepO nm (1.1)
for each n, m ≥ 2 where we write RepO n the class of unital * -representations of O n . The tensor product ⊗ ϕ is associative and distributive with respect to the direct sum but not symmetric, that is,
for any π 1 , π 2 , π 3 ,
there exist π 1 , π 2 such that π 1 ⊗ ϕ π 2 and π 2 ⊗ ϕ π 1 are not unitarily equivalent.
(v) For a certain one-parameter bialgebra automorphism group of (O * 
(vii) The following holds for ⊗ ϕ in (1.1) :
where O nm , O n and O m are naturally identified with subalgebras of O * and π 1 ⊗ π 2 is naturally identified with the representation of O * ⊗ O * .
The C * -algebra O * is a non-separable abstract C * -algebra which is not defined on a Hilbert space. It is simply constructed, and it is a rare example that for every n ≥ 2, O n 's appear all at once. The direct sum of canonical endomorphisms of Cuntz algebras is also a bialgebra endomorphism of O * ( § 5.1.2). This and Theorem 1.1 (vi) show a naturality of the bialgebra structure of O * . The bialgebra associated with the Cuntz algebra is studied by [3, 5, 15] .
The bialgebra (O * , ∆ ϕ ) is not a deformation of known algebra or group algebra. There is no standard comultiplication of O * . The origin of the comultiplication of O * is a tensor product of representations of Cuntz algebras. In Theorem 1.1, remark that the image of ∆ ϕ is a subset of O * ⊗O * , and the domain of ε is the whole of O * . These properties are standard ingredients of a bialgebra. However they are stronger than the axiom of C * -bialgebra in Definition 1.1 of [14] which is not a bialgebra in general. The quintuple (O * , m, η, ∆ ϕ , ε) is a bialgebra over the field C in the sense of Definition III.2.2 of [10] where m is the standard multiplication and η is the standard unit of O * .
Any compact quantum group has a Haar state and the antipode on the dense subalgebra according to the result by Woronowicz [18] . Hence Theorem 1.1 (ii), (iii) and (iv) show that the separability condition of compact quantum group is essential for existences of a Haar state and the antipode.
In § 2, we review basic definitions about, bialgebra, comodule-algebra, compact quantum group and Cuntz algebras. § 3 is dedicated to a mathematical reason why O * is a bialgebra in general setting. In § 4, Theorem 1.1 is proved. In § 5, we give examples. It is shown that
2 Basic definitions and axioms
Bialgebra, antipode and morphism
We review bialgebra and comodule-algebra according to [10] . In this subsection, any tensor product means the algebraic tensor product. Let k be the ground field with the unit 1. A bialgebra is a quintuple (B, m, η, ∆, ε) where (B, m, η) is a unital associative algebra and (B, ∆, ε) is a counital coassociative coalgebra such that both the comultiplication ∆, that is, it satisfies (∆⊗id)•∆ = (id⊗∆)•∆, and the counit ε are unital algebra morphisms such that (ε ⊗ id)
If an antipode exists on B, then it is unique. If (B, m, η, ∆, ε) has the antipode S, then (B, m, η, ∆, ε, S) is called a Hopf algebra. Examples of bialgebras include the Hopf algebras which are bialgebras with certain additional structure.
If W is not invertible, then the antipode of (B, m, η, ∆, ε) never exists.
Proof. According to Remark 1.8 in [14] , we show that if the antipode exists, then W is invertible. Assume that S is the antipode of (B, m, η, ∆, ε). Define the linear map
For a, b ∈ B, we see that
where
Therefore the statement holds.
For any bialgebra (B, m, η, ∆, ε), W in (2.1) satisfies the Pentagon equation
where we use the leg numbering notation [1] . The map W is not invertible in general. For a bialgebra (B, m, η, ∆, ε), a unital associative algebra A is a right B-comodule-algebra if there exists a unital algebra morphism Γ from A to A ⊗ B which satisfies (Γ ⊗ id)
is a subalgebra of (B, m, η) and (A, ∆| A , ε| A ) is a cosubalgebra of (B, ∆, ε). A is a biideal of B if A is a two-sided ideal and a coideal of B.
For two bialgebras A and B, a map f from A to B is a bialgebra morphism if f is a unital algebra morphism and
f is a bialgebra morphism and bijective. In addition, if A = B, then f is called a bialgebra automorphism of B.
In this paper, we mainly treat algebras with additional condition. Hence we simply denote (A, m, η) by A when A is a unital algebra. Hence we write (B, ∆, ε) simply a bialgebra for a unital algebra B.
C
* -bialgebra and compact quantum group
For simplicity of description, we denote the completion of the algebraic tensor A⊗B with respect to the minimal C * -cross norm by the same symbol A ⊗ B for two C * -algebras A and B in this paper. When one considers the C * -algebra version of bialgebra, it is unavoidable to review C * -algebraic approaches for quantum group. According to [12] , the popular topic of quantum groups can be approached from two essentially different directions. The first is algebraic in nature by [6, 8] . The second approach is analytic in nature as the generalization of Pontryagin duality for abelian locally compact groups.
According to § 1 in [7] , the study of quantum group in theory of operator algebra was begun from duality theory of locally compact group. The theory is constructed as an analogy of group operator algebra. After studies of concrete examples by Drinfel'd [6] and Woronowicz [17, 18] , many nontrivial examples are discovered. These examples in theory of operator algebras are also deformation of group operator algebras or deformation of function algebra of homogeneous space.
On the other hand, our motivation is originated from representation theory of Cuntz algebra [11] . Our bialgebra was found in computation of tensor product of representations.
We review the definition of compact quantum group by Woronowicz [12, 17, 18] . For two subsets S 1 , S 2 of an algebra A, we define S 1 S 2 = the linear span of the set {xy : 
where A ⊗ A means the minimal C * -tensor product on A.
The condition in Definition 2.2 (iii) is called the cancellation property or the cancellation law of (A, ∆) [12, 14] . 
The pivotal results about compact quantum group are the existence of a unique Haar state, and the existence of the antipode on a certain dense subbialgebra.
Neither compact quantum group in [12, 17, 18] , C * -Hopf algebra [1, 16] nor C * -bialgebra [14] are bialgebras in a sense of [10] in general. For example, a (locally) compact quantum does not have a bounded counit in general ( [12] p 548).
We newly define "C * -bialgebra" as a bialgebra, as follows.
is a bialgebra over C and both ∆ and ε are * -homomorphisms.
(ii) A C * -algebra A is a right C * -comodule-algebra of a C * -bialgebra (B, ∆, ε) if A is a right B-comodule-algebra and the right coaction of B on A is a * -homomorphism.
In the same way, a morphisms among two C * -bialgebras (resp, two C * -comodule-algebras) is a morphism among two bialgebras (resp. comodulealgebras) which preserves * .
Cuntz algebra
For n = 2, 3, . . . , +∞, let O n be the Cuntz algebra [4] , that is, a C * -algebra which is universally generated by generators s 1 , . . . , s n satisfying s
where I is the unit of O n . Because O n is simple, that is, there is no nontrivial closed two-sided ideal, any homomorphism from O n to a C * -algebra is injective. If t 1 , . . . , t n are elements of a unital C * -algebra A such that t 1 , . . . , t n satisfy the relations of canonical generators of O n , then the correspondence s i → t i for i = 1, . . . , n is uniquely extended to a * -embedding of O n into A from the uniqueness of O n . Therefore we simply call such a correspondence among generators by an embedding of O n into A.
Direct sum of C * -algebras
For a family {A a } a∈M of unital C * -algebras, define the C * -algebra A * by
The algebra A * is provided with the operations of pointwise addition, multiplication, multiplication of scalars, and with the norm
We call A * the direct sum of {A a } a∈M [9] . (It is usually denoted by " a∈M ⊕A a .") The unit I of A * is given by (I a ) a∈M ∈ A * where I a is the unit of A a for each a. Remark that A * is not separable even if A a is separable for each a ∈ A when M is infinite. For example, the C * -subalgebra generated by {I a : a ∈ M } is * -isomorphic to l ∞ (M ). A C * -algebra A a is naturally identified with a C * -subalgebra (closed two-sided ideal) of A * . For two families {A a } a∈M and
Then f * is also a unital * -homomorphism from A * to B * . In particular, if A a is a unital C * -subalgebra of B a for each a, then A * is also a unital C * -subalgebra of B * .
Let A * ⊗ A * be the minimal tensor product of A * . Then A * ⊗ A * has a dense subalgebra D defined by the linear span of {x ⊗ y : x, y ∈ A * }.
C * -weakly coassociative system
We introduce a general method to construct bialgebra, bialgebra morphism, biideal, subbialgebra and comodule-algebra from a family of algebras and a family of homomorphisms.
Definition and construction of bialgebra
A monoid is a set equipped with a binary associative operation with a unit. A submonoid of a monoid M is a subset of M closed with the operation and containing the unit of M [13] . Remark that C itself is a C * -bialgebra with respect to the standard bialgebra structure. For unital C * -algebras A and B, we write Hom(A, B) the set of all unital * -homomorphisms from A to B.
the following diagram is commutative:
in other words,
where id x means the identity map on A x for x = a, c,
(ii) there exists a counit ε e of A e such that (A e , ϕ e,e , ε e ) is a C * -bialgebra, (iii) ϕ e,a (x) = I e ⊗ x and ϕ a,e (x) = x ⊗ I e for x ∈ A a and a ∈ M where the tensor product among {A a } a∈M is taken as the minimal C * -tensor product.
Remark that ϕ e,e in Definition 3.1 is a coassociative comultiplication of A e by (3.1).
Then there exists a comultiplication and a counit of the C * -algebra A * defined by the direct sum
From (3.1), the following holds for x ∈ A a :
The R.H.S. vanishes except the term (ε ⊗ id)(ϕ e,a (x)) = (ε ⊗ id)(
In the same way, we see that (id ⊗ ε) • ∆ ϕ ∼ = id. Therefore ε is a counit of A * with respect to ∆ ϕ . From these, we see that (A * , ∆ ϕ , ε) is a bialgebra.
Remark that any infinite group M does not satisfy (3.2). We call (A * , ∆ ϕ , ε) in Theorem 3.2 by a C * -bialgebra associated with (
Then ∆ ϕ * which is defined by {ϕ * a,b } a,b∈M is the opposite comultiplication of ∆ ϕ in (3.4).
Cancellation property, antipode and Haar state
For the C * -bialgebra associated with a given C * -WCS, we consider the cancellation property, the antipode and a Haar state in Definition 2.2.
At first, we show a condition such that the pair (A * , ∆ ϕ ) in Theorem 3.2 satisfies the cancellation property in Definition 2.2 (iii). ({A a } a∈M , {ϕ a,b } a,b∈M ) be a C * -WCS over a monoid M which satisfies (3.2) and let (A * , ∆ ϕ ) be as in Theorem 3.2 associated with ({A a } a∈M , {ϕ a,b } a,b∈M ) . Define
Lemma 3.3 Let
If both X a,b and Y a,b are dense in A a ⊗ A b for each a, b ∈ M , then the pair (A * , ∆ ϕ ) satisfies the cancellation property.
Proof. According to the decomposition
In the same way, we see that
Hence the statement holds.
We show the non-existence of the antipode according to Lemma 2.1. For an element a in a monoid M , if there exists b ∈ M such that ba = e, then a is called left invertible. Proof. Let B be a dense subbialgebra of (A * , ∆ ϕ , ε). Then B a ≡ B ∩ A a is a dense subspace of A a for each a ∈ M . Since A a = {0}, there exists x ∈ B a \ {0}. Let W be the operator on B ⊗ B in (2.1) with respect to ∆ ϕ . If the antipode of B exists and a ∈ M is not left invertible, then N e ∩ {(b, a) : b ∈ M } = ∅. Hence W (I e ⊗ x) = 0 for each x ∈ B a . Therefore W is not invertible. By Lemma 2.1, the statement holds.
Let N = {1, 2, 3, . . .} be the abelian monoid with respect to the product of numbers with the unit 1. Any submonoid of N satisfies (3.2). For any C * -WCS over a non-trivial submonoid of N, the following holds. Lemma 3.5 Let H be a submonoid of N and let (A * , ∆ ϕ , ε) be the C * -bialgebra associated with a C * -WCS ({A n } n∈H , {ϕ n,m } n,m∈H ) in Theorem 3.2. If H = {1}, then the antipode of any dense subbialgebra of (A * , ∆ ϕ , ε) never exists.
Proof. Since H = {1}, H has a non-invertible element. By Lemma 3.4, the statement holds. ({A a } a∈N , {ϕ a,b } a,b∈N ) be a C * -WCS over N and let (A * , ∆ ϕ , ε) be the C * -bialgebra associated with ({A a } a∈N , {ϕ a,b } a,b∈N ) . Then a Haar state on (A * , ∆ ϕ ) never exists.
Lemma 3.6 Let
Proof. Assume that ω is a Haar state on (A * , ∆ ϕ ). Then
By (2.3), ω(I 1 )I 1 = ω(I 1 )I. This implies that ω(I 1 ) = 0.
Next, for a prime number p,
because ω(I 1 ) = 0. From this and (2.3), ω(I p ) = 0 for all prime number p.
Assume that ω(I p 1 ···p l ) = 0 for any l prime numbers p 1 , . . . , p l . Then for l + 1 prime numbers p 1 , . . . , p l+1 ,
Because a is a subfactor of p 1 · · · p l+1 , ω(I a ) = 0 except a = p 1 · · · p l+1 by assumption. Hence {(ω ⊗ id) • ∆ ϕ }(I p 1 ···p l+1 ) = ω(I p 1 ···p l+1 )I 1 . From (2.3), we obtain ω(I p 1 ···p l+1 ) = 0. Hence we see that ω(I n ) = 0 for every n ∈ N by induction. From this, ω = 0. Hence ω is not a state on A * . This is contradiction.
Bialgebra morphism
Let ({A a } a∈M , {ϕ a,b } a,b∈M ) and ({B a } a∈M , {ψ a,b } a,b∈M ) be two C * -WCSs over a monoid M . Assume that {f a } a∈M is a family of unital * -homomorphisms such that f a ∈ Hom(A a , B a ) for a ∈ M and the following diagrams are commutative:
ε Be in other words,
When a = b = e, ψ e,e • f e = (f e ⊗ f e ) • ϕ e,e and f e (I Ae ) = I Be Hence f e is a * -bialgebra morphism from A e to B e . Define f * ≡ a∈M ⊕f a . From (3.6), we obtain
Hence f * is a bialgebra morphism from A * to B * . If B a = A a for each a, then f * is a C * -bialgebra endomorphism of A * . In addition, if f a is bijective for each a, then f * is a C * -bialgebra automorphism of A * . 
Comodule-algebra
Define τ B,a ∈ Hom(B ⊗ A a , A a ⊗ B) by τ B,a (x ⊗ y) = y ⊗ x and ϕ * a,B ≡ τ B,a • ϕ B,a Then Γ ϕ * defined by {ϕ * a,B } a∈M gives the opposite coaction of Γ ϕ .
Biideal and subbialgebra
Let ({A a } a∈M , {ϕ a,b } a,b∈M ) be a C * -WCS over a monoid M . If H is a submonoid M , then ({A a } a∈H , {ϕ a,b } a,b∈H ) is also a C * -WCS over H. If M satisfies (3.2), then we can consider
Then A * (H) is a C * -bialgebra and a closed two-sided ideal of the C * -algebra
For two C * -WCSs ({A a } a∈M , {ϕ a,b } a,b∈M ) and ({B a } a∈M , {ψ a,b } a,b∈M ), if A a is a unital * -subalgebra of B a and the inclusion map ι a of A a into B a satisfies (3.6), then we see that (A * , ∆ ϕ , ε A ) is a C * -subbialgebra of (B * , ∆ ψ , ε B ).
Proof of Theorem 1.1
Proof of Theorem 1.1. In order to define a comultiplication and a counit on O * in (1.2), we introduce families of embeddings among {O n } n≥1 . Let I n be the unit of O n and let s ≡ I 1 . We denote the unit of O * by I and identify O n as a subalgebra of O * for each n ≥ 1. In O * , remark that s We see that ({O n } n≥1 , {ϕ n,m } n,m≥1 ) is a C * -WCS over the monoid N. According to the proof of Theorem 3.2, we construct ∆ ϕ and ε.
For example,
Then we can verify that (O * , ∆ ϕ , ε) is a bialgebra. 
∈ AutO * . Then we can verify that κ ( * ) is a one-parameter bialgebra automorphism group of O * . From Example 5.3.27 in [2] , there exists a unique κ (n) -KMS state ω (n) on O n . For a sequence b = (b n ) n≥1 of non-negative real numbers such that n≥1 b n = 1, define the state ω
where ω (n) is naturally identified with a state on O * . Then ω
Then O ∞ is a right O * -comodule-algebra with respect to the right coaction Γ ϕ by Theorem 3.7.
(vii) For a representation π i of O n i for i = 1, 2, we can naturally identify π i as a representation of O * . Then
is identified with a representation of O n 1 n 2 . In this way, our construction of tensor product of representations in [11] is reconstructed.
Example
Let (O * , ∆ ϕ , ε) be the C * -bialgebra with the family {ϕ n,m } n,m≥1 in § 4.
Symmetry of O *
Assume that {f n } n≥1 is a family of unital * -endomorphisms such that f n ∈ EndO n for each n. Because f 1 (1) = 1, the condition (3.6) is rewritten for {ϕ n,m } n,m≥1 and {f n } n≥1 as follows:
If (5.1) holds, then f * = n≥1 ⊕f n is a * -bialgebra endomorphism of O * by § 3.3. By using this, we show examples of * -bialgebra endomorphism of (O * , ∆ ϕ , ε).
Bialgebra automorphism arising from a family of unitary matrices
For a unitary g = (g ij ) n i,j=1 ∈ U (n), the automorphism α
Lemma 5.1 Let g = {g (n) } n≥1 be a family of unitary matrices such that g (n) ∈ U (n) and
for each a, i ∈ {1, . . . , n}, b, j ∈ {1, . . . , m} and n, m ≥ 1. Then the following holds for the family {ϕ n,m } n,m≥1 in § 4:
(n, m ≥ 1).
is a bialgebra automorphism of O * . We can verify that the set G of all families {g (n) } n≥1 which satisfies (5.2) is a subgroup of the direct product group U (1) × U (2) × · · ·. Therefore α ( * ) is an action of G on the bialgebra (O * , ∆ ϕ , ε).
Let {σ (n) } n≥1 be a family of permutations such that σ (n) ∈ S n for each
for each n, m ≥ 1, then we see that {g (n) } n≥1 satisfies (5.2).
Define ζ ( * ) ≡ n≥1 ⊕ζ (n) ∈ AutO * . Then ζ ( * ) is a bialgebra automorphism of O * such that (ζ ( * ) ) 2 = id.
Canonical endomorphism of O *
For n ≥ 2, let ρ (n) be the canonical endomorphism of O n , that is,
for each n, m ≥ 1. Hence ρ ( * ) = n≥1 ⊕ρ (n) is a bialgebra endomorphism of O * .
Biideal and subbialgebras
5.2.1 C * -biideal associated with submonoid of N Let S be the set of all submonoids of the monoid N. For H ∈ S, define the closed two-sided ideal O * (H) of O * by 
for z ∈ U (1), i = 1, . . . , n and n ≥ 2. We define
We define γ Then ∆ ϕ | U HF * belongs to Hom(U HF * , U HF * ⊗ U HF * ). Because ∆ ϕ | U HF * is a comultiplication and ε| U HF * is a counit of U HF * , U HF * is a C * -subbialgebra of O * . For each H ∈ S, we see that
is a C * -subbialgebra of O * (H). For κ ( * ) in (4.6), the fixed-point subbialgebra O κ ( * ) * of O * by κ ( * ) is U HF * .
Commutative C * -bialgebra associated with Cantor sets
For n, l ≥ 1, define the finite-dimensional commutative C * -subalgebra C n,l of O n by C n,l ≡ Lin {s
for J = (j 1 , . . . , j l ). We see that C n,l ∼ = C n l . Define the commutative C * -subalgebra C n of O n by the inductive limit of {C n,l } l≥1 with respect to the natural inclusions among {C n,l } l≥1 . Then
where {1, . . . , n} + = l≥1 {1, . . . , n} l . Let X n = {1, . . . , n} ∞ be the compact Hausdorff space of the infinite direct product of the discrete topological space {1, . . . , n} and C(X n ) is the C * -algebra of all continuous complex-valued functions on X n . Then C n ∼ = C(X n ) for each n ≥ 1. Especially,
Define the commutative C * -subalgebra C * of O * by
(ii) For any f ∈ C(X ab ), there exists a sequence {f l } l≥1 such that f l ∈ C ab,l and
. By identifying C a,l with C({1 . . . , a} l ) ∼ = (C a ) l , we obtain ϕ a,b (f l )(R, T ) = c R * T = f (R * T ).
By taking the limit l → ∞, we have the statement.
Because ε| C * is also a counit of C * , C * is a commutative, non-cocomutative C * -subbialgebra of O * by (4.3).
Bialgebra defined by the direct sum of finite-dimensional algebras
Identify the matrix C * -algebra M n l (C) with the C * -subalgebra Lin {s
of O n for n, l ≥ 1. We obtain the following C * -subbialgebras of O * for each l ≥ 1:
where the later is the diagonal part of the former at each component and
In particular, the following are C * -subbialgebras of O * : 2,2 ⊗ I 1 . Therefore both M * (C) and C * are non-cocommutative.
Let A be a C * -subalgebra of O * generated by {I n : n ≥ 1}. Then A ∼ = l ∞ (N) and it is a cocommutative subbialgebra of O * .
Define C * -subalgebras of O ∞ by
Then M ∞ l (C) and C ∞ l is a right M * l (C)-comodule algebra and a right C * l -comodule algebra, respectively.
Hence w = ϕ a,b (s (ii)∼(vii) are proved from Lemma A.1 (ii), (iii) (iv) and (v) as the similarity of the proof of (i).
